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Exercise 33

Let L be a nonzero real number.

(a) Show that the boundary-value problem y” + Ay = 0, y(0) = 0, y(L) = 0 has only the trivial
solution y = 0 for the cases A =0 and A < 0.

(b) For the case A > 0, find the values of \ for which this problem has a nontrivial solution and
give the corresponding solution.

Solution

Consider the case where \ = 0.
/!
y =0

Solve for y by integrating both sides with respect to x twice.
y' =01
y(x) = Crx + Cy
Apply the boundary conditions in order to determine C7 and Cj.
y(0)=Cy=0
y(L)=CiL+Cy=0
Solving this system yields C7 = 0 and C5 = 0. Therefore, for A = 0,
y(z) = 0.
Consider the case where A < 0, that is, A = —~2.
y' =7y =0
This is a homogeneous linear ODE with constant coefficients, so it has solutions of the form
y=-e".

y = e’ N yl — re’™® N y// — ,r26'r:r

Substitute these formulas into the ODE.
Divide both sides by e"*.
Solve for r.

r={-77}

Two solutions to the ODE are e™7* and e?*. By the principle of superposition, then,

y(x) = C3e™ 7" 4 Cye’®.
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Apply the boundary conditions to determine Cs and Cy.

y(0)=C3+Cy =0

y(L) = Cse L+ Cue’t =0
Solving this system yields C3 = 0 and C4 = 0. Therefore, for A < 0,

y(x) = 0.
Consider the case where \ > 0, that is, A = 2.
y' + ity =0
This is a homogeneous linear ODE with constant coefficients, so it has solutions of the form
y= e,
y=e" = y=re® - Y =r?
Substitute these formulas into the ODE.
2™ 4 12(e") = 0

Divide both sides by e"*.

Solve for r.
r={—ip,ip}
Two solutions to the ODE are e™*** and e***. By the principle of superposition, then,
y(x) = Cze” " + Cge'™™
= Cs(cos pux — isin px) + Cg(cos px + i sin px)
= (Cs + Cg) cos px + (—iCs + iC) sin px
= (% cos px + Cgsin pz.
Apply the boundary conditions to determine C7 and Cs.
y(0) =C7 =0
y(L) = Crcos pL + Cgsinpul =0
Since C7 = 0, this second equation reduces to
Cgsinul =0
sinpul =0

pL=nm, n=0%1,42, ...

Therefore, for A = p? = n?r2/L? > 0,

where n is an integer and Cg is arbitrary.
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